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In order to extract physical parameters from the waveform of an extreme-mass-ratio
binary, one requires a second-order–accurate description of the motion of the smaller
of the two objects in the binary. Using a method of matched asymptotic expansions, I
derive the second-order equation of motion of a small, nearly spherical and non-rotating
compact object in an arbitrary vacuum spacetime. I find that the motion is geodesic in a
certain locally defined effective metric satisfying the vacuum Einstein equation through
second order, and I outline a method of numerically calculating this effective metric.
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1. Introduction
Recent years have seen substantial progress in describing compact binary inspirals
using a self-force model, in which the smaller object in the binary is treated as a
source of perturbation of the spacetime of the larger object.1,2 However, nearly all
this progress has been made at the level of linearized gravity. Scaling arguments
show that in order to accurately model an inspiral over a radiation-reaction time
(the timescale on which orbital parameters change significantly), we require an
equation of motion accurate through second order in the smaller object’s mass m.
This requires finding the second-order perturbation produced by the object.
Here, I summarize recent work3,4 that derived the essential analytical ingredients
necessary to numerically evolve a second-order–accurate orbit in a hyperbolic region
of an arbitrary vacuum background. These ingredients are (i) a local expansion of
the metric around the small object, (ii) an equation of motion in terms of certain
pieces of that local expansion, and (iii) a means of numerically calculating those
certain pieces. A simulation of a binary inspiral can be performed after specializing
these three ingredients to the Kerr background of the larger object.
2. Metric around the small object
To find a local expansion of the metric, I solve the EFE in a vacuum region outside
the object. Let gµν be the exact metric, gµν be a vacuum background metric, hµν ≡
gµν − gµν be the field due to the object, z
µ(τ,m) be a curve that will represent the
object’s mean motion in the spacetime of gµν , and R be the smallest lengthscale
of gµν . I construct an expansion of hµν for small m and r in a “buffer region”
m≪ r ≪R around the object, where r is a measure of spatial distance from zµ.
After adopting the Lorenz gauge condition ∇µ(hµν −
1
2gµνg
ρσhρσ) = 0 and
expanding hµν as h
(1)
µν + h
(2)
µν + O(m3), where h
(n)
µν = O(mn), I write the first- and
July 22, 2018 6:13 WSPC - Proceedings Trim Size: 9.75in x 6.5in main
2
second-order Einstein equations as the wave equations
Eµν
ρσh(1)ρσ = 0, Eµν
ρσh(2)ρσ = 2δ
2Rµν [h
(1)], (1)
where Eµν
ρσ is the tensor wave operator
Eµν
ρσhρσ ≡ hµν + 2Rµ
ρ
ν
σhρσ,
and δ2Rµν is the second-order Ricci tensor, quadratic in h
(1)
µν .
The solutions to Eq. (1) must be compatible with the presence of a compact
object in the region r . m, which restricts them to the form h
(1)
µν ∼ 1/r+O(r0) and
h
(2)
µν ∼ 1/r2+O(1/r), a fact derived from the method of matched asymptotic expan-
sions.4,5 After imposing this restriction, the remaining freedom in the general solu-
tion is found by decomposing the field into spherical harmonics around the object.
The freedom consists of a set of functions h
(2ℓ±)
µν that appear in the homogeneous
wave equation’s flat-space solutions, the harmonic modes of which have the familiar
form h
(2ℓ−)
µν (t− r)/rℓ+1 and h
(2ℓ+)
µν (t− r)rℓ; the functions h
(2ℓ−)
µν correspond to the
object’s multipole moments (or corrections thereto), while h
(2ℓ+)
µν corresponds to free
radiation. Using these results, I split the physical field as h
(n)
µν = h
S(n)
µν +h
R(n)
µν , where
the singular field h
S(n)
µν ∼ 1/rn comprises all the terms in h
(n)
µν involving the func-
tions h
(2ℓ−)
µν , and the regular field h
R(n)
µν ∼ r0 comprises all the terms involving only
the functions h
(2ℓ+)
µν . This split is analogous to the Detweiler-Whiting decomposition
of h
(1)
µν :6 h
S(n)
µν characterizes the object’s bound field, while hRµν = h
R(1)
µν + h
R(2)
µν is a
smooth solution to the vacuum EFE through second order. I specialize to a nearly
spherical object by setting to zero all the object’s moments but the monopole.
3. Second-order equation of motion
I wish zµ to represent the object’s center of energy. To make it do so, I insist that
the local expansion in the Lorenz gauge is equal, up to a gauge transformation, to a
local expansion in which the object is manifestly at rest and centered on zµ. In that
‘rest gauge’, the metric looks like tidally perturbed Schwarzschild. To ensure that
the transformation to this other gauge does not move the object’s position relative
to zµ, I also insist that it involves no finite translations at zµ. These conditions
together determine zµ’s acceleration in the Lorenz gauge to be
D2zµ
dτ2
= −
1
2
(gµν + uµuν)
(
gν
ρ
− hRν
ρ
) (
2hRρσ;λ − h
R
σλ;ρ
)
uσuλ +O(m3), (2)
which, through second order, is the geodesic equation in the smooth metric gµν+h
R
µν .
Similar methods have also been used by Rosenthal7 and Gralla8 to derive second-
order self-force equations. In Rosenthal’s work, the end result is in an impractical
gauge in which the first-order force vanishes. In Gralla’s work, the object’s worldline
is expanded as zµ(τ,m) = zµ0 (τ) +mz
µ
1 (τ) +m
2zµ2 (τ) +O(m
3), and a gauge is con-
structed in which the object is at rest and centered on the zeroth-order curve zµ0 (τ);
when transforming to another gauge, translations at zµ0 , rather than being required
to vanish, correspond to the deviations zµn . The disadvantage to that approach is
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that it is limited to short timescales, since the object will deviate far from zµ0 over
a radiation-reaction time.
4. Puncture scheme
The local analysis yields an equation of motion in terms of a regular field in the
neighbourhood of the object, but it does not actually determine the value of that
regular field. Nor can it determine the distant waveforms produced by the object’s
motion. To calculate these two fields, we can use a numerical puncture scheme,9,10
which replaces the physical problem in and around the object with an effective
problem. Define the puncture h
P(n)
µν to be h
S(n)
µν truncated at order r (or higher).
Now surround the object by a timelike tube Γ and define the effective field h
eff(n)
µν
to be identical to the retarded field h
(n)
µν outside Γ, and to be given by the difference
h
(n)
µν − h
P(n)
µν inside Γ. This construction ensures that h
eff(n)
µν agrees with the regular
field h
R(n)
µν through order r near zµ, meaning it can be used in the equation of
motion (2). Rewriting Eq. (1) in terms of h
eff(n)
µν and h
P(n)
µν yields the wave equations
Eµν
ρσheff(1)ρσ =
{
−16piT¯
(1)
µν − Eµν
ρσh
P(1)
ρσ inside Γ
0 outside Γ,
Eµν
ρσheff(2)ρσ =
{
−16piT¯
(2)
µν + 2δ2Rµν [h
eff(1) + hP(1)]− Eµν
ρσh
P(2)
ρσ inside Γ
2δ2Rµν [h
eff(1)] outside Γ,
where T
(n)
µν is an effective stress-energy for the object, defined by distributional
singularities in Eµν
ρσh
P(n)
ρσ , and an overbar denotes trace-reversal with gµν . On the
right-hand side, all quantities are analytically known function(al)s of m and h
eff(1)
µν .
The singularities in these functions cancel one another, leaving regular sources.
In this scheme, the punctures h
P(n)
ρσ diverge on the worldline zµ that satisfies
Eq. (2). Therefore, the wave equations and the equation of motion must be solved
self-consistently, as a coupled system. This contrasts with the second-order formal-
ism of Gralla;8 there, the expansion of the worldline leads to punctures that diverge
on the zeroth-order curve zµ0 , and z
µ
0 may be specified in advance of solving the
wave equations.
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